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d~u
dt

+





0 −f

f 0



 ~u − g · gradξ + Au~u + (Ak)2~u = ~f − 1
ρ0

gradPa − g
ρ0

grad
z
∫

0

ρ1(T, S)dz′,

∂ξ

∂t
− m

∂

∂x
(

H
∫

0

Θ(z)udz) − m
∂

∂y
(

H
∫

0

Θ(z)
n

m
vdz) = f3,

dT
dt

+ AT T = fT , dS
dt

+ ASS = fS ,

� %,3 ,

f̄ = g · gradG, Θ(z) ≡
r(z)

R
, r = R − z, 0 < z < H.

� ��� � �  "!#$ %&#')(  � ��� � 5$ ,')( � �  � � 7<2 8$ &��( >� � � � =, 7-8 7&#')(  ! ! " #
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









H
∫

0

Θ~udz



 ~n + β0mop

√

gH ξ = mop

√

gH ds

# 8 ∂Ω,

U
(−)
n u − ν

∂u

∂z
− k33

∂

∂z
Aku = τ

(a)
x

/

ρ0, U
(−)
n v − ν

∂v

∂z
− k33

∂

∂z
Akv = τ

(a)
y

/

ρ0,

Aku = 0, Akv = 0,

U
(−)
n T − νT

∂T

∂z
+ γT (T − Ta) = QT + U

(−)
n dT ,

U
(−)
n S − νS

∂S

∂z
+ γS(S − Sa) = QS + U

(−)
n dS .
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� 7 9 % 9 %, : 58 ; 9 7# 8 φ = (u, v, ξ, T, S)

& 8 # �8( �, ; 2 =; 5 =2 9 ,

w(x, y, z, t) =
1

r
(m

∂

∂x
(

H
∫

z

rudz′) + m
∂

∂y
(

n

m

H
∫

z

rvdz′)), (x, y, z, t) ∈ D ×

� !( t̄

#

,

P (x, y, z, t) = Pa(x, y, t) + ρ0g(z − ξ) +

z
∫

0

gρ1(T, S)dz′.

�# 9 ,( 9 %A2 9 :# 3 Un ≡ U · N

� %,3 , U = (u, v, w)

# �, 2 = �2� $ %A2' ,

Un = 0 # 8 Γc,w ∪ ΓH .
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





Tt + (Ū ,Grad)T − Div(âT · Grad T ) = fT

7-8 D × (tj−1, tj),

T = Tj−1

:# 3 t = tj−1

7-8 D,

Ū
(−)
n T − νT

∂T

∂z
+ γT (T − Ta) = QT + Ū

(−)
n dT

# 8 ΓS × (tj−1, tj),

∂T

∂NT

= 0# 8 Γw,c × (tj−1, tj),

Ū
(−)
n T +

∂T

∂NT

= Ū
(−)
n dT + QT

# 8 Γw,op × (tj−1, tj),

∂T

∂NT

= 0# 8 ΓH × (tj−1, tj),

Tj ≡ T# 8 D × (tj−1, tj).
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

St + (Ū ,Grad)S − Div(âS · Grad S) = fS

7-8 D × (tj−1, tj),

S = Sj−1

2 9

t = tj−1

7-8 D,

Ū
(−)
n S − νS

∂S

∂z
+ γS(S − Sa) = QS + Ū

(−)
n dS

# 8 ΓS × (tj−1, tj),

∂S

∂NS

= 0# 8 Γw,c × (tj−1, tj),

Ū
(−)
n S +

∂S

∂NS

= Ū
(−)
n dS + QS

# 8 Γw,op × (tj−1, tj),

∂S

∂NS

= 0# 8 ΓH × (tj−1, tj),

Sj ≡ S# 8 D × (tj−1, tj).
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

u
(1)
t +





0 −`

` 0



 u(1) − g · gradξ = g · gradG −
1

ρ0
grad



Pa + g

z
∫

0

ρ1(T̄ , S̄)dz′





7-8 D × (tj−1, tj),

ξt − div





H
∫

0

Θu(1)dz



 = f3

7-8 Ω × (tj−1, tj),

u(1) = uj−1, ξ = ξj−1

2 9

t = tj−1,




H
∫

0

Θu(1)dz



 · n + β0mop

√

gHξ = mop

√

gHds

# 8 ∂Ω × (tj−1, tj),

u
(1)
j ≡ u(1)(tj)

7-8 D



























u
(2)
t +





0 −f1(ū)

f1(ū) 0



 u(2) = 0

7-8 D × (tj−1, tj),

u(2) = u
(1)
j

� �� t = tj−1

7-8 D,

u
(2)
j ≡ u(2) �

tj

# 7-8 D,
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
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





u
(3)
t + (Ū ,Grad)u(3) − Div(âu · Grad

#

u(3) + (Ak)2u(3) = 0

7-8 D × (tj−1, tj),

u(3) = u(2) 2 9

t = tj−1

7-8 D,

Ū
(−)
n u(3) − νu

∂u(3)

∂z
− k33

∂

∂z
(Aku(3)) =

τ (a)

ρ0
, Aku(3) = 0# 8 ΓS × (tj−1, tj),

U
(3)
n = 0,

∂U (3)

∂Nu
· τ̄w +

(

∂

∂Nk

Aku(3)

)

· τw = 0, Aku(3) = 0# 8 Γw,c × (tj−1, tj),

Ū
(−)
n (Ũ (3) · N) +

∂Ũ (3)

∂Nu

· N̄ +

(

∂

∂Nk

Aku(3)

)

· N̄ = Ū
(−)
n d, Aku(3) = 0# 8 Γw,op × (tj−1, tj),

Ū
(−)
n (Ũ (3) · τ̄w) +

∂Ũ (3)

∂Nu
· τ̄w +

(

∂

∂Nk

Aku(3)

)

· τw = 0, Aku(3) = 0# 8 Γw,op × (tj−1, tj),

∂u(3)

∂Nu

=
τ (b)

ρ0

# 8 ΓH × (tj−1, tj),

� %,3 ,

u(3) = (u(3), v(3)), τ (a) = (τ
(a)
x , τ

(a)
y ),

U (3) = (u(3), w(3)(u(3), v(3))), Ũ (3) = (u(3), 0),

τ (b) = (τ
(b)
x , τ

(b)
y ).

?A@ BC DEFG HE EI JEK BC HL K GM L BC K HN OFG F NP I CRQ ST SU VW Q XY @ X Z N HC [G C \Y Y]-^ _a` ] b \c



*�� = 7 9 9 7-8 !4 , 9 %# /$ � � � � � � 23 ; % 5& # 23 , 5$ , / 9# 2 � � 3 # � 74 2 9 ,$ 5 .� 3 # . =,4 $ # 8 * 9 , �$ ��� �

� � 7<2 8$ &�� � � � �( � 5$ ,' � � ��� #

���� 	 
 


(T1)t + L1T1 = F1, t ∈ (tj−1, tj),

T1 = Tj−1

2 9

t = tj−1

(T2)t + L2T2 = F2 + BQT , t ∈ (tj−1, tj),

T2(tj−1) = T1(tj).

T2(tj) ≡ Tj
∼= T 2 9

t = tj .
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+-, 9 5$ 2$ $ 54 ,( 9 %A2 9 9 %, 58 7�� 5, : 58 ; 9 7# 8 � % 7<; % 7$ # . 9 2 7-8 , / .� # .$ ,3' 2 9 7# 8 / 2 9 2

� 3 # ; ,$ $ 7-8 ! 7$ 9 %, : 58 ; 9 7# 8 Tobs

# 8$ 5 . /# 4 2 7-8 Ω
(j)
0

# :

Ω 2 9

t ∈ (tj−1, tj)( j = 1, 2, . . . , J �+-, 9 .� � % 7$ 7<; 2 =4 , 2 8 7-8 ! 9 %, : 58 ; 9 7# 8 Tobs = T
(j)
obs

7$ 2 8 2 � � 3 # � 74 2 9 7# 8 9# *� � / 2 9 2 # 8

Ω
(j)
0

( 7 � , 9# T
∣

∣

∣

z=0

� �, � ,34 7 9 9 %A2 9 9 %, : 58 ; 9 7# 8 T
(j)
obs

7$ & 8 # �8 # 8 =� # 8 9 %, � 23 9# :

Ω × (0, t̄)( 7 � , � Ω
(j)
0

2 9

t ∈ (tj−1, tj)

2 8 / �, /, � 8 , 2$ 5� � # 3 9# : 9 % 7$ : 58 ; 9 7# 8 2$ m
(j)
0

�� ,� # 8 /# : 9 % 7$ 23 , 2 �,$ 5� � #$ , : 58 ; 9 7# 8 T
(j)
obs

7$ 93 7' 7<2 =�

+-, 9 9 %, : 58 ; 9 7# 8 # :# ; , 2 8$ 53 :2 ; , %, 2 9 � 5 � Q

7$ 2 8 �2 / / 7 9 7# 8 2 = 58 & 8 # �8 : 58 ; 9 7# 8 �# 8

{Ω
(j)
0 }

� 2$ $ 54 7-8 ! 9 %A2 9

Q

7$ & 8 # �8 # 8 {Ω\Ω
(j)
0 }

# 2 8 / �,$ 9 2 9 , 9 %, :# = =# � 7-8 ! 7-8' ,3$ ,

� 3 # . =,4 
 	�
 �
 ��� �� ��� 
 �� 
 φ � �
 ��� ��� � � �� � ��� 
 � �� 
 �
 �� 
 Q( � � � � 
 �� 
��

m
(j)
0 (T − T

(j)
obs

) = 0�

� # $ 9 5 /� 9 % 7$ 7-8' ,3$ , � 3 # . =,4 9 %,# 3 , 9 7<; 2 = =� �, 2 � � =� ! , 8 ,3 2 =4 , 9 %# /# =# !� :# 3 $ # =' 7-8 !/ 2 9 2 2$ $ 74 7 =2 9 7# 8 � 3 # . =,4 $ �  "!#$ %&#' ���(  ! ! � # 2 8 / ; =2$ $ 7<; 2 =3 ,$ 5 = 9$ # : 9 %, 7-8' ,3$ ,

� 3 # . =,4 9 %,# 3 � �  � � � � 7& %# 8 #')( � � � � + 2' 3 , 8 9 7,')( ���  � �' 2 8 #')( ��� ��� �2$ 7-8( ��� � �># 4 2 8 #')( ! 5 � 0 �  8 7&# 8 #')( * � � �  2 . 2 8 7& % 7-8 # �
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�, ;# 8$ 7 /,3 9 %, ;#$ 9� : 58 ; 9 7# 8 7-8 9 %, :# 34 


Jα ≡ Jα(Q, φ) =
1

2

t̄
∫

0

∫

Ω0(t)

α|Q − Q(0)|2dΩdt + J0(φ) =
J

∑

j=1

Jα,j

J0(φ) =
1

2

t̄
∫

0

∫

Ω0(t)

α|T − Tobs|
2dΩdt

Jα,j =
1

2

tj
∫

tj−1

∫

Ω
(j)
0

α|Q − Q(0)|2dΩdt +
1

2

tj
∫

tj−1

∫

Ω
(j)
0

m
(j)
0 |T − T

(j)
obs

|2dΩdt

�-,3 , α ≡ α(λ, θ, t)

7$ 2 3 , ! 5 =23 76 2 9 7# 8 : 58 ; 9 7# 8 � 7$ 7 9 � #$ $ 7 . =,( 9 %A2 9

α(λ, θ, t) =;# 8$ 9

≥ 0

#

2 8 / 7 94 2� . , 2 / 74 , 8$ 7# 8 2 = � 52 8 9 7 9� � Q(0) ≡ Q(0)(λ, θ, t)

7$ 2 ! 7' , 8 : 58 ; 9 7# 8 �

�, ; 2 8 :# 34 5 =2 9 , 9 %, / 2 9 2 2$ $ 74 7 =2 9 7# 8 � 3 # . =,4 
 	�
 � 
 ��� �� ��� 
 �� 
 φ � �
 ��� ��� � � �� � �

� 
 � �� 
 �
 �� 
 Q( � � � � 
 �� 
�� 
 ��� �� 
 �
 �� 
 � �

Jα

� � � �
 � �� � � 
 
 ��� � � 
 � �
 ��� �� ��� 
 �� 
 ��
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� %, # � 9 74 2 = 7 9� $ � $ 9 ,4 # . 9 2 7-8 , / ;# 8$ 7$ 9# :$ 5; ; ,$ $ 7' ,$ # =' 7-8 ! 9 %,' 23 7<2 9 7# 8 2 = 2$ $ 74 7 =2 9 7# 8

� 3 # . =,4 # 8 7-8 9 ,3' 2 =$ t ∈ (tj−1, tj)( j = 1, 2, . . . , J

�  "!#$ %&#' ��� � �(  ! ! � # � � %,4 , 9 %# /

; 2 8 . , / 7$ ;3 7 . , / 2$ :# = =# �$ 


� � � � 
 � �,$ # =' ,$ � $ 9 ,4 # : , � 52 9 7# 8$( � % 7<; % 23 7$ , :3 # 4 4 7-8 74 76 2 9 7# 8 # : 9 %,: 58 ; 9 7# 8 2 =

Jα

# 8 9 %,$ , 9# : 9 %,$ # = 5 9 7# 8 # : 9 %, , � 52 9 7# 8$ � � % 7$ $ � $ 9 ,4 ;# 8$ 7$ 9$ # :

, � 52 9 7# 8$ :# 3 T1( T2( Q 2 8 /$ � $ 9 ,4 # : 2 /�# 7-8 9 , � 52 9 7# 8$ 








(T ∗

2 )t + L∗

2T ∗

2 = B∗m
(1)
0 (T − T

(1)
obs

)

7-8 D × (t0, t1),

T ∗

2 = 0

:# 3 t = t1,






(T ∗

1 )t + L∗

1T ∗

1 = 0

7-8 D × (t0, t1),

T ∗

1 = T ∗

2 (t0)

:# 3 t = t1

α(Q − Q(0)) + T ∗

2 = 0 # 8 Ω
(1)
0 × (t0, t1).

� 58 ; 9 7# 8$ T2( Q(t1)

23 , 2 ; ; , � 9 , / 2$ 2 � � 3 # � 74 2 9 7# 8$ 9# : 58 ; 9 7# 8$ T, Q# : 9 %, : 5 = =$ # = 5 9 7# 8:# 3 9 %, 13 # . =,4 � 2 9

t > t1( 2 8 /

T2(t1) ∼= T (t1)

7$ 9 2 & , 8 2$ 2 8 7-8 7 9 7<2 = ;# 8 / 7 9 7# 8 9# $ # =' ,9 %, � 3 # . =,4 # 8 9 %, 7-8 9 ,3' 2 =

(t1, t2)�� � � � �� *# =' , � 3 # . =,4 :# 3 S 

St + (Ū ,Grad)S − Div(âS · Grad S

#

= fS

7-8 D × (t0, t1)� 7 9 % ;# 3 3 ,$ � # 8 / 7-8 ! .# 58 / 23 � 2 8 / 7-8 7 9 7<2 = ;# 8 / 7 9 7# 8$ �  : 9 ,3 9 %A2 9 9 %, : 58 ; 9 7# 8 S

7$ 2 ; ; , � 9 , /

2$ 2 8 2 � � 3 # � 74 2 9 ,$ # = 5 9 7# 8( 2 8 / 9 %, : 58 ; 9 7# 8 S(t1)

7$ 9 2 & , 8 2$ 2 8 7-8 7 9 7<2 = ;# 8 / 7 9 7# 8 :# 3 9 %,

� 3 # . =,4 :# 3 9 %, 7-8 9 ,3' 2 =
(t1, t2)�� � � � �� *# =' , , � 52 9 7# 8$ # : 9 %,' , =# ; 7 9� 4 # / 5 =, �
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